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Abstract 

In Graph Minors III, Robertson and Seymour write: "It seems that the 
tree-width of a planar graph and the tree-width of its geometric dual are 
approximately equal — indeed, we have convinced ourselves that they differ 
by at most one." They never gave a proof of this. In this paper, we prove 
a generalisation of this statement to embedding of hypergraphs on general 
surfaces, and we prove that our bound is tight. 
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1 Introduction 

Tree- width is a graph parameter which was first defined by Halin |Hal76] . 
and which has been rediscovered many times (see |AP89l IRS84] ). In |AP89] . 
Arnborg and Proskurovski introduced a general framework to efficiently solve 
NP-complete problems when restricted to graphs of bounded tree-width. 
Courcelle |Cou90j extended this framework by showing that any problem 
expressible in a certain logic can be efficiently solved for graphs of bounded 
tree-width. Tree-width thus seems to be a good "complexity measure" for 
graphs. 

Given an embedding F of a graph in a surface, it is easy to obtain the dual 
embedding F*: just put a vertex in each face and for every edge e separating 
the faces / and g, add a dual edge fg. One could thus expect that F and F* 
have the same "complexity", and indeed in |RS84j . Robertson and Seymour 
claimed that for a plane embedding F, tw(F) and tw(F*) differ by at most 
one. 

In an unpublished paper, Lapoire |Lap96| gave a more general state- 
ment about embeddings of hypergraphs on orientable surfaces. Nevertheless, 
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his proof was rather long and technical. Later, Bouchitte et al. and Ma- 
zoit |BMT03l IMaz04j gave easier proofs for plane graphs. Here we give a 
proof that Lapoire's claim is valid for general surface^ 

Theorem 1 For any 2- cell embedding A of a hypergraph on a surface S, 

tw(A*) < max{tw(A) + 1 + k^, a^* - 1}. 

Here oa* is the maximum size of an edge of A* and fcs is the Euler genus of 
S. 

In Section |2| we give the basic definitions. Section |3] is devoted to the 
proof of Theorem [l] while in Section |4] we give examples of embeddings which 
match the bound of this theorem. 



2 Preliminaries 

A tree- decomposition of a hypergraph if is a pair T = (T, {X^)y^Y^) with T 
a tree and (X^)„gyj, a family of subsets of vertices of H called bags such that 
every every edge of H is contained in at least one bag of T, and for every 
vertex v G Vh, the vertices of T whose bag contain v induces a non-empty 
sub-tree of T. The width of T is tw(T) = max{|Xt| — 1 ; t G Vr} and the 
tree-width tw{H) of H is the minimum width of one of its tree-decompositions. 

A surface is a connected compact 2-manifold without boundaries. Oriented 
surfaces can be obtained by adding "handles" to the sphere, and non-orientable 
surfaces, by adding "crosscaps" to the sphere. The Euler genus k-£ of a surface 
E (or just genus) is twice the number of handles if S is orientable, and is the 
number of crosscaps otherwise. 

We denote by X the closure of a subset X of S. We say that two disjoint 
subsets X and F of S are incident if X fl F or y n X is non-empty. Since 
we consider finite graphs and hypergraphs, we can assume that the curves 
involved in the embeddings are not completely wild and are, say, piecewise 
linear. This implies that connectivity and arc-connectivity coincide. An open 
curve is a subset of E which is homeomorphic to ]0, 1[. An open curve whose 
closure is homeomorphic to the 1-sphere S*^ is a loop and is a strait edge 
otherwise. A connected subset X of S is a star if it contains a point vx called 
its centre such that X \ {vx} is a union of pairwise disjoint strait edges called 
half edges. Note that an open curve is also a star. Let X be an open curve or 
a star. The elements of X \ X are the ends of X. 

•^This result also appears as an extended abstract in |Maz09] . Unfortunately although 
the general scheme of the proof is the same, some definitions are wrong and we could not 
obtain a valid proof with them. 
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An embedding of a hypergraph on a surface E is a pair A = (V, E) in which 
y is a finite subset of E whose elements are the vertices of the embedding, 
and E is a, finite set of pairwise disjoint stars called (hyper)edges. Edges 
contain no vertex and their ends are vertices. Such an embedding naturally 
corresponds to an abstract hypergraph H. We say that A is an embedding of 
H. An embedding of a graph on S is an embedding of a hypergraph whose 
edges are strait edges and loops. Let A be an embedding of a hypergraph on 
E. We denote by Va the vertex set of A and by E'a the edge set of A. Let 
contain the centre of all the edges and let contain all the half edges. 
Then (Va. U Vea, -^a) is an embedding of a bipartite graph on S which is the 
incidence embedding of A. We denote embeddings of graphs with the Greek 
letters F and 11 and embeddings of hypcrgraphs with the Greek letter A. We 
only consider embedding of graphs and hypergraphs up to homeomorphisms. 
Since embeddings of hypergraphs naturally have abstract counterparts, we 
apply graph theoretic notions to them without further notice. For example, 
we may consider an edge e as a subset of E or as a set of vertices. We also 
consider embeddings of hypergraphs on E as subsets of E. 

A face of an embedding A is a component of E \ A. We denote by Fa 
the set of faces of A. An embedded hypergraph is 2-cell if all its faces are 
homeomorphic to open discs. Let F be a 2-cell embedding of a graph on a 
surface E. Euler's formula links the number of vertices, edges and faces of F 
and the genus of the surface: 

|Vr| - \Et\ + |Fr| = 2 - k^. 

We now let A be a 2-cell embedding of a hypergraph on a surface E. The 
dual of A is the embedding A* such that: 




Figure 1: A planar hypergraph and its dual. 



i. Every vertex of A* belongs to a face of A and every face of A contains 
exactly one vertex of A*; 
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ii. For every edge e of A, there exists a dual edge e* sharing its centre, and 
every edge of A* corresponds to an edge of A. 

iii. For every edge e of A with centre fe, the half edges of e and e* around Ve 
alternate in their cyclic order. 

Note that the construction does not need A to be 2-cell but if not, A* is not 
unique and (A*)* need not be A. 

3 The upper bound 

Since Theorem [l] is about 2-cell embedings, and since the theorem is trivial 
for edge-less embeddings, we always consider connected embeddings and 
hypergraphs with at least one edge. 

The border of a partition /i of is the set SnifJ^) of vertices which are 
incident with edges in at least two parts of /i, and the border of A C Eh is 
Sh{A) = 6h{{A, Eh \ A}). A partitioning tree of if is a tree T whose leaves 
are bijectively labelled by edges of H. Removing an internal node f of T 
results in a partition of the leaves of T and thus in a node-partition of Eh- 
Removing an edge e of T results in a bipartition of the leaves of T and thus 
in an edge-partition Ag of Eh- 

Lemma 1 Let H be a connected hypergraph with at least one edge. Let T 
be a partitioning tree of H. Labelling each internal node vofT with Sh{Xv) 
turns T into a tree- decomposition. 

Proof. By construction, every edge of H is contained in a bag of T. Let 
X & Vh- Let S be the set of leaves of T whose label contain x, and let be 
the subtree of T whose set of leaves is S- Since x is not isolated, contains 
at least one leaf. Moreover, an internal bag of T contains x if and only if it 
separates two leaves u and v of T whose edge label contain x. Since those 
bags are precisely its internal bags, Tj. is precisely the subgraph induced by 
the vertices of T whose bag contain x. □ 

The tree-width of a partitioning tree is its tree-width, seen as a tree-de- 
composition. 

Let A be a 2-cell embedding of a hypergraph on a surface S. If T is a 
partitioning tree of A, then dual of T is the partitioning tree T* of A* obtained 
by replacing in T each label e by the dual edge e*. 

Given these definition, it is tempting to try to prove that for any embedding 
A of a hypergraph on S: 
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i. there always exists a partitioning tree T such that tw(T) = tw(A); 

ii. for any partitioning tree T, tw(T*) < max{tw(T) + 1 + fcsjttA* — 1}- 

The first item is true but we could not prove the second one. However, we 
prove that both properties hold for a restricted class of partitioning tree which 
we call p-trees. 

3.1 A sketch of the planar case 

Before we go on with the proof, we consider the planar case as it contains 
most ideas. The proof which we now sketch is based on the proof in |Maz04] . 
Note that all definitions in this subsection are local to this subsection. 

Let r be an embedding of a graph on the sphere S'^. Moreover, let us 
suppose that F has no bridge and no loop. A pretty curve is a subset of S"^ 
which is homeomorphic to S^, which crosses F only on vertices, and which 
never "enters" a face twice or more. A Q-structure is a union of three curves 
PeU pf U pg such that pe Up/, PfUpg and pg U pe are all pretty curves. Pretty 
curves induce bipartitions of Er, and 0-structures induce tripartitions of 
Ey- a partitioning tree is geometric if all its node partitions come from 
6-structures. 

Let T and T* be dual geometric partitioning tree, and let w be a node of 
T. We claim that the size of the dual bags and X* differ by at most 1. 
This is clearly true for leaf bags whose size is either 1 or 2. So let us suppose 
that V is an internal node and let = Pe U pj U p^ be a 0-structure realising 
the node partition A^,. By construction X^ contains all the vertices which 
belong to 0, and X* contains all the faces that goes through. Since Pe^ Pf 
is a pretty curve which alternatively crosses vertices and faces of F and never 
enters the same face twice, fl (pe U p/)| = \X* fl (pe U p/)|. The difference 
between and |X*| thus comes from pg. But Pg also alternatively crosses 
vertices and faces of F without entering the same face twice. This implies 
that difference between \Xy \ and is at most 1. Since this inequality holds 
for any node, we have tw(T*) < tw(T) + 1. 

To finish, we only need to prove that there exists a geometric partitioning 
tree T such that tw(F) = tw(T). To do this, we apply an induction on planar 
hypergraphs. Suppose that p is a pretty curve whose bipartition of Er is 
{A, B}. Let Da and Db he the two components of S"^ \ p. If we remove all 
the vertices and edges in Da and replace them by a star whose set of ends if 
Sr{A), be obtain a contracted hypergraph T /a- Let T/a and T/b be geometric 
partitioning trees of F /a and T/b- By removing from the disjoint union 
T/A ^T/B the leaves labelled and e b and adding a new edge between their 
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respective neighbours, we obtain a geometric partitioning tree T of F. We 
show that tw(T) = max{tw(T/^), tw(T/s)}. By induction tw(r/yi) = tw(T/^) 
and tw(r/s) = tw(T/5). The result follows from the fact that it is always 
possible to find p such that tw(r) = max{tw(r/A), tw(r/B)}. 

Before we go on with the general case, let us make some comments. 

• On higher genus surfaces, we can still describe separators in terms of 
curves on E but as the genus increases, the number of curves involved 
increases and it quickly becomes too complex to control how the curves 
interact. As a matter of fact we do not really care about curves. 0- 
structures are only important because they cut the sphere in three 
connected regions. 

Indeed, we can prove that < |Xt,| + 1 without considering curves 
as follows. Let be a ©-structure which realises A„, and let Da^ Db 
and Dc be the components of S'^ \ 0. We contract all the vertices and 
faces which are contained in Da into a single vertex va- We do the 
same thing in Db and Dq and to obtain two vertices vb and vc- We 
obtain a bipartite embedding whose set of vertices is {va,vb,vc} U 
and whose set of faces is X*. Euler's formula thus implies that 
{\Xy \ + 3) + \X* \ — \ErJ = 2. Since the faces of r^, are incident with at 
least 4 vertices, it is easy to prove that |-Er„| > 2|X*|. The bound for 
the planar case follows. 

Although the contracting process becomes quite technical, this proof 
does generalise to higher genus surfaces. 

• Some loops and bridges are troublesome and must be taken care of 
separately. 

Indeed, let e be a loop of T which separates vertices of F, and let v be 
an internal node of T which is the neighbour of a leaf labelled by e. 
Since any curve which isolates e from E\{e} has to enter the end of e 
twice, the node partition A„ cannot come from a 0-structure. The same 
kind of problem arises if e is a separating bridge because any curve 
isolating e must enter the same face twice. 

Let e be a separating loop. If we take a closer look, the bag X^ is {e} so 
the bag X* should be {e*}. For such internal nodes, we could just drop 
the condition A^, comes from a ©-structure and take any partition whose 
border is contained in e. But this idea does not work. For example, 
in figure |2| e is a separating loop whose end is v. The border of the 
partition |{a}, {6, c, d}, {e}, {/}, } is {v} but the border of the dual 
partition is {Fl, F2, F3} whereas the dual of e is the edge {Fl, F2}. 
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Figure 2: A troublesome loop. 



To make this work, we cannot just take any partition whose border is a 
subset of e, we have to take a partition whose parts correspond to the 
connected components of S"^ \ e. 

In the planar case, for our purpose, any two pretty curve which induce 
the same bipartition of E-p are equivalent. To avoid explicitly considering 
equivalent classes of pretty curves, the proof in |Maz04j proceed as 



follows. For each face F e Fp, it put a vertex which is linked to all the 
vertices in Vr which are incident to F. The resulting embedding 11 a 
radial embedding ofT. Pretty curves then correspond to cycles of 11. 

In this paper, we do not explicitly realise partitions of with curves 
on S but with some disjoint connected subsets E^, S^, Sc of S. As for 
curves, there is not a single way to realise a node partition with such 
subsets and we use radial embeddings to avoid dealing with cumbersome 
equivalent classes. 



3.2 Partitioning trees 

Given a non-empty subset A C E^, we define the contracted hypergraph 
H/A of H as the hypergraph with vertex set U{Eh \ A) and with edge set 
{Eh \ ^) U {ca} in which ca = Sh{A) is a new hyperedge. Let {A, B} be a 
non trivial bipartition of Eh and T/a and T/b be respectively partitioning 
trees of H/a and H/b- By removing from the disjoint union T/a ^T/b the 
leaves labelled ca and cb and adding a new edge between their respective 
neighbours, we obtain a partitioning tree T which is the merge of T/a o,nd 
Tib. 

Lemma 2 Let H be a connected hypergraph with at least one edge. Let 
{A,B} be a non trivial bipartition of Eh, and let T/a and T/b be partitioning 
trees of H/a and H/b- Then the merge T of T/a and T/b is such that 

tw(T) = ma,x{tw {T/a), tw {T/b)}- 

Proof. Let C C Eh be disjoint from A. We claim that Sh{C) and 6h/^{C) 
are equal. Indeed, let v E Sh/j^ {C) . By definition, there exists e G Eh,^ \ C 
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and f E C which contain v. li e ^ ca, then e G Eh \ C. Otherwise, 
e = ca = Sh{A) and there exists e' G A C Eh \ C which contains v. In 
both cases, v G 6h{C). Conversely, let v G 6h{C). By definition, there 
exists e G Eh \ C and f & C which contain v. If e ^ A, then e G Eh/^ \ C . 
Otherwise v G 5h{A) = ca- In both cases v G ^^^^(C). 

Let u be an internal node of T. By symmetry, we can suppose that u be- 
longs to T/A- The node-partition of u in T/yi is \u/a = {-E'l U {e^}, -^25 • • • , -f'p}, 
and the node-partition of m in T is A„ = {Ei U A, E2, . . . , Ep}. The above 
claim implies that Sh{^u) = ^h^a{^u/a)- The result follows. □ 

Lemma [2] and the following folklore lemma are the key tools to our proof 
of Theorem [2] that there always exists a p-tree of optimal width. 

Lemma 3 Let H be a hypergraph with at least one edge and no isolated 
vertices. For any bipartition {A,B} of Eh, 

tw{H) < max{tw(i7/^), tw(iJ/s)}. 
If ^h{{A, B}) belongs to a bag of an optimal tree- decomposition of H, then 

tw{H) = max{tw(i7/^), tw(/7/B)}- 
Proof. Let T/a = {T/a, (X^)t,eyj,, J and T/b = {T/b, (V;)„6yy ) be respective 

/A / B 

optimal tree-decompositions of H/a and H/b- Let m be a vertex of T/a whose 
bag contain e/A and let f be a vertex of T/b whose bag contain c/b- By adding 
an edge uv to the disjoint union T/a ^T/b, we obtain a tree-decomposition 
T of H such that tw(T) = max{tw {H/ a), (H/b)}, which proves the first 
part of the lemma. 

Suppose now that 6h{{A, B}) belongs to the bag of a vertex v of an 
optimal tree-decomposition T = (T, (Z^)^,^^^,) of H. By removing V \ (Ui?) 
from the bags of T, we obtain a tree-decomposition T/a of H/a such that 
tw(7/A) < tw{H). Similarly, we obtain a tree-decomposition T/b of H/b such 
that tw{T/B) < tw(if). The second part of the lemma follows. □ 

3.3 Radial embeddings 

Note that, in this subsection, we do not require embedded hypergraphs to be 
2-cell but they must be connected and have at least one edge. 

Let A be an embedding of a hypergraph on a surface S. A radial embedding 
of A is an embedding 11 of a bipartite graph on S such that: 

i. {Va, Vn \ Va} is a bipartition of Vn, and Vn \ Va contains exactly one 
vertex per face of A; 
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Figure 3: A radial embedding of the left example of Figure 1 



ii. each edge of A is contained in a face of 11 and each face of 11 contains 
exactly one edge of A. 

First radial embeddings do exist. 

Lemma 4 Every embedding A of a connected hypergraph with at least one 
edge on a surface S admits a radial embedding. 

Proof. The set V\ being fixed, let us first choose one face vertex per face 
of A to get Vn \ Va. Let (De)ee£;A t>e pairwise disjoint open discs such that 
each Df. contains e. Such discs can be obtained by "thickening" each edge a 
little. We now continuously distort all the discs intersecting a given face so 
that they become incident with its corresponding "face vertex" . 

The union of the boundaries of the discs De correspond to the drawing of 
a bipartite graph F that satisfies all the required condition except that some 
faces may be empty. Indeed, suppose that F G -Fa is homeomorphic to a disc 
and that f G Va is incident with F. Let ei and 62 G E\ bound an "angle at v 
in F" . Between ei and 62, there is an edge /i G E-p which is in the boundary 
of Z^ei and and edge /2 G E-p which is in the boundary of D^^ ■ The edges /i 
and /2 bound an empty face. 

As long as F contains an empty edge F, we remove any edge incident with 
F to merge it with a neighbouring face and thus decrease the total number 
of empty faces of F. In the end, we obtain a radial embedding 11 of A. □ 

If A is a 2-cell embedding, then the radial embedding of A is unique and 
two distinct embeddings share the same radial embedding if and only if they 
are dual embeddings. But, as already mentioned, we consider embeddings 
which are not 2-cell. This implies that a given embedding may have more 
than one radial embedding (see Figure |4]). 

Let A be an embedding of a hypergraph on a surface E, and let 11 be a 
radial embedding of A. We say that an edge or a vertex of 11 is private to a 
set F of faces of 11 if all the faces it is incident to belong to F. 
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Figure 4: Two radial embeddings of a hypergraph on the projective plane. 

We now define several notions with respect to a radial embedding U. Let 
A be a set of edges of A. We denote by Au the open set that contains 
all the faces of IT corresponding to edges in A together with the edges and 
vertices of 11 which are private to these faces. Wc say that A is U-connected 
if An is connected, and that a partition of E is U-connected if its parts are 
H-connected. Two edges e and / of A are U-adjacent if {e, /}n is Il-connected. 
An edge e of A is troublesome if the partition {e, E \ {e}} is not H-connected. 
The components of {e}n then induce a partition of E\ \ {e}. Together with 
{e}, this partition is the e-partition. 

If a vertex of 11 is private to a set of faces of 11, then so are all its incident 
edges. Thus if we denote by the graph whose vertices are the edges 
of A, and in which two vertices are adjacent if their corresponding edges 
are H-adjaccnt, then H-connected sets of edges of A exactly correspond to 
connected subgraphs of G^. 

Let A be a H-connected set of edges of A. Let us denote A and H the 
respective abstract counterparts of A and A. If we remove the edges and 
vertices of A which are contained in Au and replace them by an edge ca 
whose set of ends is S\{A) (which is possible because A^ is connected), we 
obtain an embedding of a hypergraph whose abstract counterpart is H^^. 
We thus denote this new embedding by A/^. By removing from H all the 
edges and vertices which are contained in An, we obtains the contracted radial 
embedding U/a oi A/a- 

Remcirk 1 Let A C E\ be U-connected. By construction of U/a, 

i. a partition {Ei [JA,E2,..., Ei} is U-connected if and only if the partition 
{El U {e^}, E2, . . . , El} is U/A- connected; 
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ii. edge e is troublesome m Ka if and only if e is a troublesome edge m A 
( and thus e belongs to A ); 

ill. moreover, {{e}, E2 U {e^i}, E^, . . . , Bp] is the e-partition in A/a if and 
only if {{e}, E2U A, E3, . . . , Ep} is the e-partition in A. 

3.4 P-trees 

Let A be an embedding of a connected hypergraph with at least one edge on 
a surface E, and let 11 be a radial embedding of A. A p-tree of (A, 11) is a 
partitioning tree T of A such that: 

i. if a edge-partition Ae of T is not H-connected, then e is incident with a 
leaf labelled by a troublesome edge. 

ii. if f is an internal node of T whose degree is not 3, then f is a neighbour 
of a leaf labelled by a troublesome edge e and is the e-partition. 

Note that when no troublesome edge exist, all edge partitions are H-connected 
and all internal nodes have degree three. 
Remark [1] implies that: 

Lemma 5 Let A be an embedding of a connected hypergraph with at least 
one edge on a surface E, let U be a radial embedding of A, and let {A,B} be 
a U-connected bipartition of E\. Let T/a and T/b be p-tree of (A/^,!!/^) and 
{A/b,^/b) respectively. The merged partitioning-tree T of T/a and T/b is a 
p-tree of (A, n). 

Proof. Let e be an edge of T, and let Ae be its edge-partition in T. If e is 
the edge linking T/a and T/b, then Ag = {A,B} is Il-connected. Otherwise, 
by symmetry, we can suppose that, say, e belong to T/a- By Remark [iji., 
if edge-partition of e in A/a is Il/^-connected, then the edge-partition of e 
in A is H-connected. Otherwise, say, e is incident with a leaf labelled by 
a troublesome edge in A/ a-, and by Remark [Tjii., e is incident with a leaf 
labelled by a troublesome edge in A. Moreover, Remark [TJiii. directly implies 
that the node contition of p-trees is satisfied. □ 

We can now prove that 

Theorem 2 Let A be an embedding of a connected hypergraph with at least 
one edge on a surface E, and let Tl be a radial embedding for A. There exists 
a p-tree T of (A, H) such that tw(T) = tw(A). 
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Proof. We proceed by induction on |Va| + \Ea\. We say that an embedding 
A is smaller than another embedding A' if |Va| + \E\\ < \Va' \ + \E\/\. Let 
T be a tree-decomposition of A of optimal width. We may assume that T 
has no two neighbouring bags, one of which contains the other — otherwise, 
contract the corresponding edge in T and merge the bags. 

Suppose that we find a Il-connected bipartition {A, B} of E\ whose bor- 
der is contained in a bag of T, and such that A/^ and A/b are smaller than 
A. Such a partition is good. By induction, let T/a and T/b be p-trees of 
{A/A,'n./A) and {A/b,^/b) of optimal width, and let T be the merge of T/a 
and T/B- By Lemma [5| T is a p-tree of (A, 11). By Lemma [2| its tree- width is 
max{tw(T/^), tw(T/B)} = max{tw(A/^), tw(A/B)}. Since, 6a{{A,B}) is con- 
tained in a bag of T, Lemma |3] implies that tw(A) = max{tw(A/^), tw(A/5)}, 
and thus, tw(T) = tw(A). We thus only have to find good partitions to 
complete the inductive step of our proof. 

Three cases arise: 

• A contains a troublesome edge e. 

If e contains and separates all the other edges of A, then the partitioning 
star with one internal node is a p-tree of optimal width. Otherwise, 
there exists a set of edges A such that Ajj is a component of (£^a \ {e})n 
and A/ A is smaller that A. Since e, and thus 6\{A), is contained in least 
one bag of T and since A/(^Ea\a) is also smaller than A then {A, Ea \ A} 
is good. 

• T contains at least two nodes. 

In any tree-decomposition of A with no bag being a subset of a neigh- 
bouring one, the intersection of two neighbouring bags is a separator of 
A. There thus exists a separator 5* which is contained in a bag of T. 

Let C be a component of A \ S", and let Ec be the sets of edges which 
are incident with vertices in C. The set Ec is Il-connected. Let 11^;^, 
. . . , Uej, be the components of 11^;^^;^. Since S' := 6\{Ec) C S" is a 
separator, then there exists a component D of A\ S' which is not C. 
The set of edges which are incident with D is Il-connected, and is thus a 
subset of, say, Ei. Since the sets 11^;^ (2 < i < p) are incident with n^;^, 
then /i := {Ei, E \ Ei} is Il-connected. Since both A/e^ and A/(^Ea\Ei) 
contain fewer vertices than A and are thus smaller than A, and since 
^AifJ') C S" C S* is contained in a bag of T, then fi is good. 

• T is the trivial decomposition of A with one node. 

If A contains at most three edges, then all partitioning trees are p-trees, 
so we can suppose that A contains at least four edges. Since no edge of 
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A is troublesome, contains at least two vertices of degree at least 2. 
And since is connected, it contains at least two disjoint edges which 
can be extended in a non trivial bipartition of G^ in two connected 
sets. This partition corresponds to a non trivial H-connectcd partition 
IJ, := {A, B} of E\. Since A/ a and A/b contain fewer edges than A and 
are thus smaller than A, then /i is good. 

□ 

3.5 P- trees and duality 

We now turn to the second step of our proof, that is, the tree- width of a 
p-tree and that of its dual cannot differ too much. 

Let us recall the strategy outlined in the sketch of the planar case. We 
prove that if T is a p-tree, then for every node v of T, the corresponding 
bags in T and X* in T* have roughly the same size. To do so, if v is an 
internal node of T, then we construct a 2-ccll embedding A' with vertex set 
Xy and with face set X*. We then apply Eulcr's formula on the graph of 
the incidence relation between vertices and edges of A' to obtain our bound. 
It is easy to define an embedding with vertex set Xy. Indeed, if the node 
partition of v is {A,B,G}, then {{A/a)/b)/c will do. The problem is that 
this embedding is not 2-ccll, and that its face set need not be X*. We thus 
have to be more careful when contracting to obtain such an embedding. The 
only problem is that we may have to consider more than 3 subsets of E to 
realise A^. For example, suppose that E is the torus and that An is a cylinder. 
We may be forced to replace An by 2 discs that fill the holes of E \ An and 
consider both discs in our realisation of A^. This increases the number of 
parts of S which we must consider and could cause problems when we try to 
bound |-^^|. But fortunately this always comes from a decrease in the genus 
of the surface and the required inequality remains true. 

If is a partition of £'a, then we denote by S^di) the set of faces of A 
which are incident with edges in at least two parts of /i. 

Lemma 6 Let A be a 2-cell embedding of a hypergraph on a surface E with 
at least three edges, let 11 &e a radial embedding of A, and let /i — {A, B, G} 
be a U-connected partition of E\. 

There exists a 2-cell embedding A' on a surface E', and a partition /i' — 
{A', B', G'} of Ea, such that 

i. Va' = 5a{ij,), Fa' = 5*a{ij,) = S*a,{h'); 
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ii. ks' < /cs + 3 — I^'a']. 

Proof. Since Ajj, Bjj and Cu are disjoint, we can work independently in 
each one of them. We thus start with An- 

First we claim that we may assume that A fl Aji is a connected subset 
of Au- Since A is H-connected, it corresponds to a connected subgraph of 
G^. If all the pairs (e, /) G A'^ of Il-connected edges are such that e U / fl An 
is connected, then we are done. So let (e, /) G A"^ Il-connectcd edges with 
e U / n An disconnected. This can happen if e and / are incident with a 
vertex v in S\{A). In this case, let D he a, small disc around v. We add 
a new vertex i>e in e fl D, a new vertex Vf in f n D, and an edge VeVf in 
D n Au- When doing so, we split a face of A which may belong to SX{A) but 
the new triangle face vv^vj is only incident with edges in 11^, and the other 
face belongs to 5\{A) if and only if the original face did. The claim follows. 

Let r be the incidence embedding of A. Since A fl An is connected, we 
can contract a spanning tree of F fl A^ so that it contains a single vertex va 
linked to 5\{A) together with some loops. We then remove all the loops. Let 
e be such a loop. Two cases arise: 

• The loop e bounds one face F whose boundary is VAP\VAevAP2- We 
remove F U e from E and add a disc whose boundary is vaPiVaP2- If 
F U e was a disc, then e would split this disc in two parts which is not 
the case. The genus of the new surface is thus lower than the genus of 
the previous one. 

• The loop e bounds two faces Fi and F2 whose respective boundaries are 
vaPiVa^ and vaP2VaG- Note that e U {va} may bound an empty disc 
in E in which case Pi or P2 is empty. If either Fi or F2 does not belong 
to 5\{A), then we remove e and merge Fi and F2. Otherwise, e bounds 
no disc. In this case, we remove e from A and cut E along e U {va}- 
More precisely, we remove e U {va} from S and take the closure of the 
resulting topological space. We thus obtain a surface of lower genus and 
whose boundary is made of two holes v\e^ and v^e^. We then fill the 
holes with two discs. Note that in the process, va has been split in v\ 
and v\ but, as already mentioned the genus of the surface has dropped. 

In the end, we have removed all the faces which were only incident with 
edges in A, and kept all the others. We have replaced A by, say, p edges 
and done some surgery on E to keep the embedding 2-cell and the surgery 
resulted in a decrease of genus of at least p — 1. The lemma follows. □ 

We are now ready to prove: 
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Theorem 3 Let A. he a 2-cell embedding of a hypergraph with at least one 
edge on a surface S and let U be a radial embedding of A. 
For any p-tree T of (A, 11), 

tw(T*) < max{tw(T) + 1 + k^,aA* - 1}. 

Proof. Let w be a vertex of T, let be its bag in T and let X* be 
its bag in T*. If f is a leaf labelled by an edge e, then X* = e* and 
l^vl ~ 1 ^ max{tw(T) + 1 + fcs,«A* — !}• If v is the neighbour of a leaf 
labelled by a troublesome edge e, then the fact that A„ is the e-partition 
implies that X* C e* and - 1 < max{tw(T) + 1 + /cs, «A* - !}• 

We can thus suppose that v is an internal node of T whose node-partition 
At, = {A, B, C} is H-connected. We then have X^, = 5a(A„), and X* = S^i^^v)- 
Let A' be given by Lemma |6] with /i = A„. Let F be the incidence graph of A'. 
We claim that any face of F is incident with at least 4 edges. This follows 
from the faces that F is bipartite, and that no face of F is incident with only 
one part A, B and C . Let denotes the set of faces of length 2k. If an 
edge is incident with only one face F, then it counts twice in the length of F. 
We have 2|ii^r| = 4|F4| + Q\Fq\ + • • • > 4|Fr|, and thus since the face set of F 
is exactly 5X{Xv) = 

l^r|>2|X:|. (1) 

Since F has |X*| faces, \X^ \ + li^A'l vertices, and since /cs/ < /c^ + S— |-Ea'|, 
by replacing these in Euler's formula, we obtain: 

\X,\ + I^A'I - l^rl + 1^:1 > 2 - A;s - 3 + \Et,>\. (2) 

Adding Q and (g, we get 

|a:.| + i + A;e > |x:| 

which proves that \Xl\ — 1 < max{tw(T) + 1 + /cs,aA* — 1}, and thus 
tw(T*) < max{tw(T) + 1 + fcs, c^a* - !}• □ 

Theorem [TJ which we restate below, is a direct corollary of Theorem |2] 
and Theorem [HI 

Theorem 1 For any 2-cell embedding of a hypergraph K on a surface E, 
tw(A*) < max{tw(A) + 1 + /ce, ax* - 1}. 
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4 Examples of graphs attaining the bound 



In Theorem [T| the oa* — 1 part is clearly necessary. Indeed, let A* be the 
plane embedding of the hypergraph with one edge that contains k vertices. 
The dual A contains exactly one vertex, and thus tw(A) = and k — 1 = 
tw(A*) = a(A*) — 1. We now focus on embedding of graphs. 

A graph G is minimally embeddable on a surface E if there exists an 
embedding of G in S and for every embedding of G on a surface E', then 
k-£i > fcs- We also say that F is a minimum genus embedding on E. In this 
section, we prove the following theorem: 

Theorem 4 For any surface E, there exists a minimum genus embedding T 
on E such that tw(r) = tw(r*) + 1 + fcg. 

To do so, we need some more definitions. A bramble of G is a family B of 
subsets of vertices of G such that for every element X E B, G[X] is connected, 
and for all elements X , Y E B , G[X U Y] is connected (we say that X and Y 
touch). The order of a bramble B is the minimum size of a set X C which 
intersects all the elements of B. We use brambles to compute tree-width with 
the following theorem: 

Theorem 5 ( |ST93j ) The maximum order of a bramble of G is tw(G) + 1. 

Let r be an embedding of a graph on a surface E which is not the sphere, 
and let ^ > be an integer. We say that F is 6 -representative if for every 
fi ^ T, homeomorphic to a circle, if 7 is not the boundary of some closed 
disc in E (we call such n a nan- contractile noose) then I7 fl r| > 6. We 
use representativity to certify that graphs are minimally embedded with the 
following theorem which is an easy corollary of a theorem in |ST96j . 

Theorem 6 Let T be a 6 -representative embedding of a graph on a surface E 
which is not the sphere. If 6 > lOO/cs then V is a minimum genus embedding. 



4.1 Todinca graphs and their tree- widths 

Let p > 1 be an integer. Let A, B and C be three 2p x 2p grids. Let ai, . . . , 
Op, Op, . . . , a\, be the top row of A. Let bi, . . . , bp, b'^, . . . , b[ be the top 
row of B. Let ci, . . . , Cp, c'p, . . . , c'l be the top row of C. A Todinca grapl"^ 
of order p is any graph G obtained by bijectively linking the edges between 
Oi, . . . , Op and b\, ■ ■ ■ , bp, between bi, . . . , bp and c'l, . . . , c'p and between ci, 
. . . , Cp and a[, . . . , Op. As an example, in Figure [HI the left graph is obtained 



"^The name come from loan Todinca who first showed us the plane graph of Figure [H] as 
an example of graph whose tree- width + 1 equals 3/2 its branch- width. 
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Figure 5: Two Todinca graphs. 



by adding the edges aib[, bic[ and CjO^, while in the right graph, we Unk 6j to 
r' 

Lemma 7 The tree-width of every Todinca graph G of order p is at least 
3p-l. 

Proof. By Theorem [5| we only have to produce a bramble of order 3p to 
prove our lemma. To do so, we give some definitions. 

The edges added to the grids A, B and C link their columns and thus 
define columns of G. Depending on which columns were linked, we obtain 
AB-columns, BC-columns and C A-columns. We also call the respective rows 
of A, B and C, the A-rows, the B-rows and the C-rows of G. Together, they 
are the rows of G (see Figure |6]). The union of an A- row and an AS-column 
is an A-cross. In the same spirit, we define B-crosses and C-crosses, and we 
claim that the set C of all these crosses is a bramble of G of order 3p. 

They clearly are connected, so let us prove that any two crosses X and Y 
touch. By symmetry, we can suppose that X is an A-cross. Since X contains 
an y4-row, and since A-rows intersect all AB- and all C A-columns, if Y is 
an A- or a C-cross, then X and Y touch. If F is a -B-cross, then it contains 
a i?-row which intersects all y4i?-columns. The crosses X and Y therefore 
touch, which finishes our proof that C is a bramble. 

Since there are exactly 3p columns, the order of C is at most 3p. Let us 
prove that no set S of size 3p — 1 can intersect all the crosses. Obviously, the 
set S C Vg misses at least one column. We spht this proof in two cases 

• There exists an Afi-column X, a i?C-column Y and a CA-column Z 
avoiding S. Since G contains 6p rows, there exists a row L avoiding S. 
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A-lines 



Figure 6: The rows and the columns of a Todinca graph. 

Depending on what kind of row L is, one of L U X, L U F and LU Z is 
a cross of G avoiding S. 

• There exists, by symmetry, an y45-column C avoiding S, and no BC- 
column avoiding S. Since there are at least p vertices of S on the 
-BC-columns, there can only be 2p — 1 vertices from S on the grid A. 
There thus exists an A-tow L avoiding 5*. The cross LU C avoids S. 

□ 

We also need the following folklore lemma (see Figure [?]). 

Lemma 8 An nx m grid G has tree-width at most min(n, m), and G admits 
a path-decom,position attaining this bound with a leaf containing one of its 
shortest sides. 
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Figure 7: A tree-decomposition of the 4x5 grid of width 4. 



As a matter of fact, the tree- width of an n x m grid G is exactly min(n, m) 
(see |BGK08] l 

Lemma 9 The tree-width of every Todinca graph G of order p is at most 
3p-l. 
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Proof. To prove or lemma, we give a tree-decomposition of G of width 3p — 1. 
Let A, B and C be the three 2p x 2p grids of G, and let Ta, Tb and 7c be 
path decompositions of A, B and C given by Lemma |8] Let t>^, vb and fc 
be the vertices of Ta, Te and Tc whose bag respectively contain the top rows 
of A, B and G. Let u, ua, ub and uc be vertices whose bags respectively 
are {ai, ...,ap,bi, ...,bp,ci, ...,Cp},{ai, ...,ap,ap, ...,a[,bi, ...,bp}, 
{bi, ...,bp,b'p, ...,b[,Ci, . . . , Cp} and {ci, ...,Cp,c'p, ...,c[,ai, ...,ap}. 
The labelled tree T obtained by linking u to ua, ub and uc-, and adding the 
edges uaVA) ubVb and ucVc is a tree-decomposition of G of width 3p — 1. □ 

Lemmata [7] and |9] clearly imply that 
Lemma 10 The tree-width of every Todinca graph of order p is 3p — 1. 

4.2 Some minimally embeddable Todinca graphs 

We now define special Todinca graphs. We first define three gadgets (see 
Figure [s]) that we use to link the grids of our graphs. Let P and Q be two 




I vertices 
(a) An Madder 



I vertices / vertices 21 vertices 
(b) An /-handle 



I vertices 



I vertices / vertices I vertices 

(c) An /-crosscap 

Figure 8: linking gadgets 

paths of length k, and let pi, . . . , Pk and qi, . . . , qkhe their respective vertices. 
If we link each pi with [1 < i < k), we obtain a k-ladder. U k = 31 and we 
link Pi with Qi {1 < i < I and 2/ + 1 < i < 3/) and pi+i with q2i+i-i (1 < < 0? 
then we obtain an l-crosscap. li k = 51 and we link pi with Qi {1 < i < I and 
4/ + 1 < i < 5/), pi+i to q2i+i {I <i < 2/) and p^i+i to qi+i {1 < i < I), then 
we obtain an l-handle. 

Let /c > and p > 1 be integers. The graph G^^p is the Todinca graph of 
order 5kp such that the grid A is linked to the grids B and C by a 5A;p-ladder, 
and the grids B and G are linked k p-handles. The graph Gk^p is the Todinca 
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graph of order 3kp defined in the same way except that we use p-crosscaps 
instead of p-handles. 

We now define an embedding p of Gk,p in as follows. We start by 
embedding the three grids and the 5/cp-ladders on the sphere. We also embed 
the all the edges of the handles except the edges p^i^iqi^i {I < i < I). Then 
for each p-handle, we add a handle to the surface to embed the remaining p 
edges. We also define an embedding F^ p of Gk,p in S^t in a similar way except 
that for each p-crosscap, we add a crosscap to the surface so that the edges 
Pi+iq2i+i-i (1 < z < /) do not cross. 

We now want to prove that for p large enough, these embeddings are 
minimal genus embeddings. To do so, we want to apply Theorem [6) We 
thus have to prove that for p large enough, these embeddings have large 
representativity. More precisely. 

Lemma 11 The embeddings F^^p and F^ p are p-representative. 



Proof. The result for Ffc,p and F^p are respectively direct consequences of 
Theorems 3.5 and 3.3 of |RS96j . but very few people seem to have read the 
graph minors paper so we give a direct proof which is, in spirit, very similar 
to the proofs by Robertson and Seymour. 

We start with F^p. As already said, to embed Gk,p on S^, we start by 
embedding a subgraph of Gk,p on the sphere, then for each handle gadget 
Pi (1 < ieqk), we add a handle to embed the edges p^i+iqi+i {I < i < I)- To 
do so, we remove two faces fi and gi of our partial embedding and we "sew" 
a cylinder Hi to the border of the holes. It is easy to find p vertex disjoint 
concentric cycle c\, . . . , cl enclosing fi and p vertex disjoint concentric cycles 



dp enclosing gi such that all the circles are pairwise disjoint (see left 



part of Figure 9). The component of Sjt \ (|Ji=i(Cp U dp)) which is incident 




Figure 9: Enclosing concentric cycles around a handle or a crosscap. 



with all the cycles Cp and dp is the outside region. Let /i be a non-contractile 
noose on Sfc. We split our proof in the following three sub-cases. 
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Suppose that /i intersects both the outside region and the handle Hi. 
The curve ^ has to cross all the cycles , . . . , or all the cycles d\, . . . , 
dp to reach the outside region, which implies that |/i fl F^ pl > p. 

Suppose that /i intersects a handle ifj. Then /i is a subset of the 
component H[ of \ (c^ U d^) which contains Hi. It is easy to find p 



vertex distinct paths Qi 



m 



k,p 



which link vertices in cl_and 



vertices in dl, and whose interior is in H^ (see left part of Figure 10). 




X 



Figure 10: Paths across a handle or a crosscap. 



We claim that /i intersects all the paths Qi. Indeed otherwise /i is a 
subset of HI \ Qj for some 1 < j < p. But H'^ \ Qj is an open disc which 
implies that /i is contractible, a contradiction. This thus implies that 

\i^nTk,p\ >p. 

Suppose that ^ intersects the outside region. Then /i is a subset of 
S' = Efc \ (IJi=i Hi) . Since E' is a sphere with holes bounded by the 
cycles c\ and d\, then /i separates c\ and c\ or d\ in E'. In both cases, 
it is easy to find p vertex disjoint paths in Tk,p between c\ and c\ or d{ 



whose interior are in E' (see upper part of Figure 11). Since fi has to 
cut these paths, |/i H T^^pl > p. 



In all cases, |/i fl Tk,p\ 
^k,p is p-representative. 



> p which finishes our proof that the embedding of 



The proof that F^^p if p-representative is very similar. We first enclose 
each crosscap by p disjoint cycles, and the we define an outside region. We 
then prove that any noose fi which intersects both the outside and a crosscap 
meets the embedding at least p times. If /i intersects a crosscap, it is enclosed 
by the outer cycle c enclosing the crosscap. We can easily find p disjoint 



paths each linking two points of c as in the right part of Figure 10 and fx 
has to meet all those paths otherwise it is contractible. If /i intersects the 
outer region, then it must separate some crosscaps and since it is easy to find 
p disjoint path linking the inner cycles enclosing these crosscaps, /i intersects 
the embedding at least p times. □ 
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Figure 11: Paths linking handles or crosscaps in the outside region. 



As a consequence of Lemma 11 and Theorem [6| we have 



Lemma 12 Tk^iook o,nd Tk.iook o,re minimum genus embeddings respectively 
in Efc and Sfc. 



4.3 Dual of some Todinca graphs 

Lemma 13 The tree-width o/r^^ is at most 15kp — 2 — k. 

Proof. The embedding F^^ is made of three (lOkp — 1) x (lOkp — 1) grids 
A, B and C, two paths of 5A;p — 1 vertices Pab and Pac^ a graph Gbc which 
corresponds to the dual of the gadgets and two vertices and fout- The 
path Pab is adjacent to the grids A and B, the path Pac is adjacent to the 
grids A and C, and the graph Gbc is adjacent to the grids B and C . The 
vertex fout is adjacent to the vertices of the bottom rows of A, B and C, to 
the vertices of the side columns of A, B and C and to the "outer vertex" of 
Pabi Pac and Gbc- The vertex is adjacent to the middle vertex of the 
top rows oi A, B, G and to the "inner vertex" of Pab, Pac and Gbc (see 



Figure 12). 



Ffc p is an embedding of a Todinca graph of order / = 5kp in a surface 
of Euler genus 2k. It thus has 12/^ vertices and 24/^ — 9/ edges. By Euler's 
formula, it thus has 12/^ — 9/ + 2 — 2A; faces. This number is also the number of 
vertices of F^ p. There are 3(2Z — 1)^ vertices in the grids, 2{l — 1) vertices on 
Pab and Pac and the two vertices vin and fout- This leaves I — 2k — 1 gadget 
vertices on Gbc- Since the tree-width of an embedding drops by at most one 
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grid A 



Fi gure 12; The embedding — ''^'out- 

when removing a single vertex, we only have to prove that the tree-width of 
Tip — Vout is I5kp — 3 — 2/;; so let us remove the vertex fout from p. 

The grid A together with its neighbourhood is a 2/ x (2/ — 1) grid. We can 
thus choose a path decomposition 7a of width 2/ — 1 of this grid and in which 
a vertex va_ contains the neighbourhood of A. Because of the gadgets, the 
links between the grid B with its neighbourhood is more complex. Let f i, . . . , 
V21-1 be the vertices of the top row of B which link B to the remaining of F^^. 
The vertices vi, . . . , vi are clearly linked to Pab U {vin} in an Z-ladder. Since 
the gadget sequence begins with a p-ladder, there is a set S* of p — 1 gadget 
vertices such that vi, . . . , f/+p_i is linked to Pab U {fin} USinaZ+p — 1 
ladder. The remaining gadget vertices are linked to the vertices vi+p, . . . , 
V21-1- Using the idea behind the path decomposition of Figure [7| we define a 
path decomposition Tb of width 31 —p — 2k — 2 of B and its neighbourhood in 
which a vertex vb contains Pab, Vm, the gadget vertices and f/+p, . . . , V2i-i. 
We can similarly define a tree-decomposition Tc of C and its neighbourhood 
in which a vertex vc contains the neighbourhood of C. Let m be a vertex 
whose bag contains Pab, Pac "^m and the gadget vertices, and let us add the 
edges uva, uvb and uvc- This defines a tree-decomposition of F^ p — t>out- The 
bag of u is its biggest one and it contains 31 — 2 — 2k vertices which proves 
that the tree-width of F^ ^ is at most 3/ - 2A; - 2 = 15kp -2 -2k. □ 

Using a similar proof, we also obtain: 
Lemma 14 The tree-width o/F^^ is at most 9kp — 2 — k. 
We are now ready to prove Theorem |4} 
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Theorem 4 For any surface S, there exists a minimum genus embedding T 
on S such that tw(r) = tw(r*) + 1 + A;^- 



Proof. In |RS84j . Robertson and Seymour already gave examples of planar 
embeddings matching our bound. So let us consider higher genus surfaces. 



T/c loofe is an embedding of a Todinca graph of order 500k . By Lemma 10 



its tree-width is 1500/c — 1. By Lemma 13, the tree-width of ^qq^ is at most 
1500/c^ — 2 — 2k. Since Ffc^ioofc is a an embedding in Sfc, Theorem HI implies 



that tw(r* looJ = 1500^2 - 2 - 2k and tw(rfc,ioofc) - tw(r* ^goJ = l + 2k. 
Since, by Lemma 12, Tk^wok is a minimum genus embedding in E^, loofc and 
^*k,iook indeed are examples of embeddings matching the bound of Theorem [T] 
for the surface S^. 

Similarly, Ffc loofc and F^ ^qq^ are examples of embeddings matching the 
bound of Theorem hj for the surface S^. □ 



5 Conclusion and open questions 

In this paper, we show that tree-width is a robust parameter considering 
surface duality. Indeed, our main proof says more than just "the difference 
between the tree- width of A and that of A* is small" . Our proof says that 
there always exists a decomposition which is optimal for A and very good 
for A*. This leads to a natural question: For any embedding A, does there 
always exists a p-tree T such that tw(T) = tw(A) and tw(T*) = tw(A*)? To 
our knowledge, the question is open, even for plane embeddings of graphs. 
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